A fully relativistic quark model is constructed and applied to the study of wave-functions as well as the spectrum of heavy-light mesons.
Introduction
Recent studies in quenched lattice QCD [1] have led to a considerable advance in our understanding of meson wave functions -in particular, of the relation between the Bethe-Salpeter wavefunction of a heavy-light meson in Coulomb gauge QCD and the wavefunctions obtained from a spinless relativistic quark model (SRQM) defined by a Hamiltonian of the form [2, 3] 
where m is a constituent quark mass, and V (r) the confining potential (determined by Monte Carlo measurements of Wilson line correlations of static color sources).
Wave functions obtained from (1) have proved to be enormously useful in constructing appropriately smeared lattice operators for heavy-light mesons [1] , leading to accurate lattice calculations of B-meson properties. They have also been recently applied to the extraction of the Isgur-Wise function [4] .
Relativistic potential models have also been used to estimate pseudoscalar meson decay constants [5] Despite the fact that SRQM wavefunctions give a vastly better fit than nonrelativistic ones to the meson wavefunctions measured in Monte Carlo calculations, some persistent discrepancies in simultaneously describing the asymptotic (large distance) behavior as well as the wavefunction at the origin suggest that the model defined by Eq (1) is not capturing all of the essential physics, even at the level of a valence quark description. Recall that the SRQM of (1) has only a single free parameter, the constituent quark mass m, as the potential V (r) is determined by Monte Carlo measurements for each lattice studied. These discrepancies are not very important in constructing smeared operators for the ground state meson in each angular momentum channel, but become very troublesome when one tries to extract excited state properties using the multistate formalism of Ref [1] , where admixtures of the ground state should be kept to a minimum.
Our objective in this paper is not only to construct an improved version of the SRQM which does a better job in fitting the global behavior of meson wavefunctions for different angular momenta and for small as well as large distance, but also to provide a clear explanation of the approximations being done and the relation of the resulting model with a hypothetical full QCD solution of the problem.
The resulting model extracts, we believe, the full content of the phys- (see Section 2.1), although the magnitude (as in the case of the quark mass correction renormalizing K c ) seems to involve a large nonperturbative piece. This is reasonable, since a renormalization of r is an effect involving all momenta, in particular low momenta where we know perturbation theory fails. Also , one must keep in mind that a oneloop calculation in the 4-dimensional Euclidean theory (with a t = 0), will not necessarily give the correct quantitative shift of the spatial r-parameter in the Hamiltonian formulation (where a continuum limit a t → 0 has implicitly been taken).
This effect, which should became irrelevant in the continuum limit, plays however an important quantitative role improving the agreement between model and data for the lattice sizes tested so far (see section 2.2).
Some of the observed discrepancies between model H 1 and the Monte
Carlo simulations persist, even after the corrections implied in point 1. These remaining discrepancies are considerably reduced when the correct relativistic treatment of the heavy-light system is performed.
A detailed analysis of the differences between this correct treatment and the previous models give rise to a beautiful explanation of this new corrections. They turn out to be due to the delocalization of the light quark known as Zitterbewegung, that, as is well known, arise from the inability to localize a relativistic particle in a local unitary theory. To my knowledge, these effects are seen for the first time in
Monte Carlo measured wave functions.
In section 2, we construct a model that correctly takes into account the Wilson lattice fermionic kinetic energy [6] 
Improved Treatment of Kinetic Terms
As was shown in Refs. [1, 2] ,the Hamiltonian given by equation (1) In this paper, we will carry the physical picture implied by a valence quark model to its limits. The resulting model highly improves the one given by Eq.(1) both conceptually and in its predictive power while keeping the underlying simplicity.
Using the Wilson Action
A first, perhaps obvious modification to H 1 amounts to replacing the kinetic energy by the lattice Wilson dispersion relation [6] taking correctly into account the specific lattice formulation employed in the simulations. It is important in assessing the quantitative validity of the relativistic quark model that systematic effects due to lattice discretization be dealt with consistently both in the model and in the Monte Carlo simulations so that deviations between the two may be properly attributed to important physical effects rather than lattice artifacts which will eventually disappear in the continuum limit. The Monte Carlo calculations [1] that constitute the 'experimental' data were done with a Wilson r parameter equal to one. So our new Hamiltonian becomes:
where
Although this model is closer to lattice QCD since it contains the correct dispersion relation, the corresponding wave functions do not represent an improvement with respect to model (1) . Actually, they magnify the discrepancies between model H 1 and Monte Carlo data. This is at first sight very surprising because, as already said, Eq(2) is closer to lattice QCD in its treatment of the fermionic kinematics than H 1 .
The solution to this puzzle comes from a detailed analysis of the renormalization of the parameters of the theory on the lattice.
More specifically, consider the one loop contribution to the quark self energy. On the lattice we have two graphs rather than one (as a consequence of the compact representation of the gauge field):
Figure 1: One loop graphs contributing to the quark self-energy
Corresponding to:
wherep = 2 sin pµ 2 andp µ = sin p µ . 1 Graph (b) also appears in the continuum while graph (a) is present only on the lattice in a compact formulation of the gauge theory. It is precisely graph (a) that will provide in the cleanest way the solution to our puzzle, as its contribution to the self energy in Coulomb gauge is:
where Ω = L 4 , greek indices run from 1 to 4 and roman indices from 1 to 3 (this convention applies in all equations in this paper) . Eq(6)contains the contribution from the Coulombic instantaneous interaction while Eq (7) contains the contributions from the real gluons.
Writingp 2 as 4 µ=1 2(1 − cos p µ ), the inverse free propagator becomes
and we immediately realize that the part of Σ Specifically:
For our lattice size, the perturbative r renormalization due to graph (a) are, in Coulomb gauge:
We shall be comparing RQM models with MonteCarlo data generated on a 12 3 x24 lattice at β =5.7, corresponding to a naive bare lattice coupling g 2 0 ∼ 1.05. The hopping parameter was κ = 0.168. Nonperturbative effects may partially be included by using instead the tadpole-improved [10] definition of the coupling, which gives for the β value considered a value closer to 2.9 for g 2 [2] . This is the value used in Eqs (11, 12) .
In our Hamiltonian models we consider of course only r space . This value, as we will see in the next subsection correctly predict the sign of the change in r although the magnitude seems to have big nonperturbative contributions.
Graph (b) also contributes effectively to the r renormalization, but not in an explicit way as in the case of the first one. However, in this case the numerical contribution is much smaller (as in the case of the mass shift).
Of course the mass is also renormalized as is well known, and also by an amount which is quite a bit larger than the perturbative one-loop shift (even with tadpole improved couplings).
The important point of this calculation is to realize that not only the mass but also the Wilson r parameter should be considered as free parameters, since both of them are dynamically modified, in a nonperturbative way.
Including this effect, the model acquires the same form as in Eq(2)
but with
We have now therefore two adjustable parameters, m and r. This new model, with correctly chosen values for the parameters, represents a substantial quantitative improvement over model (1) as will be shown in the next section. We also understand now why Eq.(2) actually works worse than Eq(1), as H 1 is effectively close (in the sense that the fermionic kinetic dispersion relation is close to the bosonic one over most lattice momenta)
to one particular case of the model H 2 . In fact, it corresponds, for fixed m, to r ≈ 0.85 as can be seen simply by plotting the corresponding dispersion relations. This value, although not optimal, is closer to the optimal choice for model (13) (see Section 2.2) than the naive unrenormalized choice r = 1.
The improvement obtained with Eq (13), although very significant from a quantitative point of view for the lattice sizes tested so far , should nevertheless become irrelevant in the continuum limit, although it is certainly relevant in providing accurately smeared meson operators for multistate
MonteCarlo studies [1] .
In any case, we have now not only a better model but one that has a closer connection to QCD since it contains the actual dynamical QCD fermionic kinetic energy . We shall see in the next section that the modification in the dispersion formula greatly improves the fit to the measured wavefunctions at shorter distance (and in particular at the origin) once the m and r parameters are chosen to optimize the fit at medium and large distances. 
Quantitative Consequences of the Improved Potential Model
In order to actually solve for the wave functions of the model, we used the same method as in Refs [1, 2] . We briefly explain it here for completeness.
The procedure used in a multistate smearing calculation of heavy-light meson properties [2] for generating lattice smearing functions from the RQM is as follows. One obtains orthonormal lattice wavefunctions, which are eigenstates of a lattice RQM Hamiltonian defined on a L 3 lattice (with r, r ′ lattice sites):
The eigenstates in a channel of given orbital quantum numbers (S,P,D In the resolvent approach, S-states are generated by applying the resolvent kernel to a monopole localized at the origin, P-states with a source dipole, and so on. At each trial value of the energy E, the norm of the resulting state In the following figures we present the results of our new model as compared with the old one. As was already mentioned in the previous section, the MonteCarlo data presented in the foolowing figures was generated on a 12 3 x24 lattice at β =5.7, and the hopping parameter was κ = 0.168.
In Fig[2] we compare the ground state wave functions for the V = 12 3 case. The values chosen for the constituent mass and r parameters are chosen to maximize the agreement (in a mean square sense) between data and the respective models in the ground state. As it turned out, the optimum constituent masses are very similar to one another and the wave functions very insensitive to small changes around the optimum value. We present here the results for the same values of the constituent mass. This choice, while essentially identical to the optimum cases, helps to appreciate the effect of the r renormalization. The case of H 2 with r = 1 is also included to emphasize the effect of the r renormalization. As we can see, the agreement with the Monte Carlo data was already very good for H 1 and is further improved, specially at the origin by H 2 .
But the most important reason for which model H 2 was introduced, was to capture the lattice artifacts unavoidably present in the Monte Carlo data. Only after these artifacts are well under our control can we hope to find some physics in the data beyond the one provided by H 1 . In this sense the improvement at the origin is due to the r renormalization as can be seen by comparing with the unrenormalized case denoted H 2 , m = 0.23, r = 1.0 Also we present in Fig[3] a detail of Fig[2] corresponding to the region of distances between R = 1.4 and R = 2.4. Specifically, as can be seen in Fig[2] , at points corresponding to distances R 1 = √ 3 ( this corresponds to the lattice points x 1 = ±1î ± 1ĵ ± 1k ) and R 2 = 2 (corresponding to the point x 2 = ±2î ± 0ĵ ± 0k and the points generated by cyclic permutation of the coordinates), there is a pronounced 'discontinuity' in the Monte Carlo Figure 2: 1S state, L = 12. We see at the origin the improvement of H 2 over H 1 when r is renormalized. With r = 1 however, model H 2 does a poor job showing the necessity of r renormalization. The Monte Carlo wave functions were extracted at different time slices. Although all time slices gave very similar results, the wave function extracted at the fourth one, that we present here, was the one with the best signal to noise ratio. That is the meaning of the t4 in the Monte Carlo data point label.
data that should of course disappear in the continuum limit. On a finite lattice and still not very close to the continuum this discontinuity is easy to understand qualitatively: it is due to the fact that under these conditions the system responds more naturally in terms of a metric notion of distance between two points on a lattice given by some function of the number of links between these points (notice that x 1 is at 3 links away from the origin while x 2 is only at 2, in contradistinction with their euclidean distance). In figure 3 we see how model H 1 completely ignores this lattice artifact, H 2 with r = 1 is slightly closer, while H 2 with r = 0.54 follows almost perfectly the discontinuity.
In Fig[4] we can better appreciate the large distance region.
In Fig[5] , we show the same information as in Fig[2] but in logarithmic scale to appreciate the asymptotic region. As we see, both, H 1 and H 2 with renormalized r do a very good job in this region.
So, as we have seen, as far as the ground state is concerned, H 2 not only shows an improvement over H 2 specially visible at the origin, but it also proved capable of capturing very pronounced lattice artifacts. Both effects clearly show the relevance of taking into account the r renormalization.
Once the values of m and r are specified to reproduce as accurately as possible the ground state, we compare now the results for the 1P state. In this case, we divide the respective wave functions by cos θ to show only the radial dependence. As we can see in Fig[6] , the model H 2 does again a better job than H 1 , although there is still room to improve. The case of H 2 with r = 1 is not shown since it was in the previous figures only to see the effect of renormalizing r. In any case, it again performs worse than H 1 .
So we conclude that, although the modifications leading to H 2 are only with the renormalized r almost perfectly follows the discontinuity. In this full formalism, it will still be important however to include the rrenormalization discussed above. More qualitatively, the picture in the back of our mind, supported by the comparison with data as will be seen in Section (3.1), consists of the light quark moving fast enough for relativistic effects to be important, but on the other hand not so fast that the interaction with the static quark cannot be accurately described by the energy which would obtain if the light quark were held fixed. Alternatively, one might assume that the time scales over which the string connecting the quark to the static source responds to changes in the light quark position are small compared with the time scales relevant for the light quark motion.
Before we proceed with the derivation of our new model, it will be useful to present a brief description of what was actually measured in the Monte Carlo simulations of Ref [1] that constitutes our data. Even though this work used a sophisticated multistate smearing method, for our purposes it suffices to know that the basic information was extracted from the measurement, in quenched lattice QCD, of the Green function:
in the limit were the b-quark is taken to be infinitely massive. In this limit, the heavy quark propagator is simply proportional to 1−γ 0 2 , therefore F becomes proportional to the average of the upper two components of the light quark propagator in the presence of a color source. From the calculation of this object, using the above mentioned multistate smearing method (i.e. smearing the source point x of the light quark with Ansatz meson wavefunctions derived from H 1 ) the upper two components of the meson wave function were extracted and spin averaged. The result of this operation constitutes the data against which we compare our models.
Taking this into account we will now construct a model that represents as closely as possible the quantities measured in the Monte Carlo simulations realizing at the same time the physical ideas presented above.
In a full QCD treatement of the problem at hand, the relevant BetheSalpeter wavefunction would be
where |0 is the vacuum, |P is the meson state (in the center of mass frame with energy H|P = E BS |P ), and q H , Q H are the light and heavy Heisenberg fields.
In the infinitely massive heavy quark limit, but otherwise still in full QCD, Eq.(18) is best written as,
where |P * ≡Q H ( 0, t)|P . This notation emphasizes the fact that in the above limit, the heavy quark field is not dynamical.
As we see, if we were able to calculate exactly Eq.(19) in the context of heavy quark limit quenched lattice QCD, we would be reproducing every detail of the results of the Monte Carlo simulations, since that is precisely the quantity being measured.
In our physical picture however, as stated above the transverse gluon interactions with the quarks act primarily to renormalize the mass (and in the lattice also the Wilson r parameter) in the quark kinetic term and the net effect of Coulomb gluon exchange between the light and static quarks can be expressed by the potential acting between two infinitely heavy color sources. Under these conditions the equation satisfied by q H reduces to:
that together with the Heisenberg equation 
Comparison with data
To find numerically the eigenvectors and eigenvalues of H 3 , although we followed in general the same procedure outlined in Section(2.2), some features of H 3 had to be taken into account. For example, due to the non-positivity of the spectrum, the inversion of E −H 3 was performed with a generalization of the conjugate gradient algorithm, the so called minimum residual algorithm [8] , that takes care of symmetric but non-positive definite matrices In Fig[7] we see that our new model performs as well as H 2 for the ground state, where there was essentially no room for further improvement.
We should however note that while the optimum value for r in H 3 suffers only a small change with respect to the one in H 2 , the optimum mass becomes considerably heavier.
Once the parameters have been fixed to reproduce as well as possible the ground state of the system, we may compare the 1P state. Again, as in the previous figures for 1P wave functions, we divide them by cos θ and present only the radial part. In this case we clearly see the quantitative superiority of H 3 over the previous models. Near the origin H 3 falls much closer to the data than H 2 .
We see then that choosing the optimal parameters for the respective models, a full Dirac model based on the operator H 3 (that, as we have seen in section 3 is conceptually as close to lattice QCD as possible within the valence quark model), outperforms all the other models and within Monte Table 1 :
Monte Carlo, κ = 0.168 0.31 ± 0.02 Carlo errors essentially fully reproduces the data.
We had also available the energies of the 1S and 2S states for the Monte Carlo data, obtained from the multistate smearing analysis of [1] . The only meaningful comparison is between energy differences since there is an arbitrary choice in deciding the zero energy of the potential V (r). The respective energy differences between 1S and 2S states are presented in Table   1 .
Again model H 3 is in better agreement with the Monte Carlo results than the others and, within the errors, reproduces the measured results.
Model H 3 was systematically closer to the data for other values of the hopping parameter κ. We present in Table 2 the energy splitting for the Monte Carlo data corresponding to κ = 0.161. This value corresponds to a heavier light quark and the optimum values of the parameters correspondingly change. They are also presented in Table 2 . Although the Monte Carlo predictions for the various values of the energies change with respect to the previous ones, the energy difference essentially remains unchanged. This behavior is closely followed by H 3 that continues matching the data. Very interestingly though, H 2 suffers an appreciable modification in the right di- Table 2 :
Monte Carlo, κ = 0.161 0.32 ± 0.02 rection, it's predictions approach the ones of H 3 for this heavier case. The approach of models 2 and 3 for heavier quarks will be dsicussed in greater detail in the following section.
In the next section we will discuss the nature of the improvement of H 3 with respect to the previous models.
Physical Origin of differences
In order to fully appreciate the nature of the quantitative improvement given by our new model, we will now compare it with the previous ones.
An obvious difference between the model given by Eq.(22) and those described by equations (1) and (13) Expressing the kinetic part of the Hamiltonian H 3 in momentum space, we get,
with
Observing Eq. (23) 
where e iS is a unitary (but nonlocal) operator . In momentum space, if we choose e iS according to (See [4] )
where Q i (q) is given by Eq. (25), γ i are the Dirac gamma matrices, and
After this transformation, the kinetic part of H 3 becomes
, with M (p) and Q k (q) given by (24) and (25), and Ψ ≡ e iS χ. In Ref [12] , a lattice Foldy-Wouthuysen transformation is also being considered.
So now, both models have the same kinetic part and the difference between them becomes completely transparent. Namely, while the model of Eq. (13) has (in coordinate space) a potential energy of the form:
the potential energy of the model H 3 becomes after the Foldy-Wouthuysen transformation of Eqs (26-29):
as can be seen simply by expressing the fields χ and χ + in terms of Ψ and Ψ + through χ = e −iS Ψ and χ + = Ψ + e iS .
Comparing Eqs (31) and (32) and taking into account the definitions of cos Θ p and sin Θ p given by Eqs (28) and (29), we see that (32) reduces to (31) in the m → ∞ limit, in which cos Θ p → 1 and sin Θ p → 0 and therefore
It is worth looking at the above limit in more detail. Expanding the product between brackets in Eq(32) and remembering that γ i γ j = g ij − iσ ij , we obtain
To interpret these terms it is convenient to consider their continuum limit. In this limit, Eq(28) and (29) become:
and the interactions corresponding to the three terms above become:
Term (41) represents the electrostatic energy of a point-like particle and is the one present in models H 1 and H 2 . More interestingly, term (42) corresponds to exactly the Darwin term. It arises because of Zitterbewegung, as can be seen from the smearing of the potential (see Eqs(34) and (35) ).
Where we have used the identity σ ij = ǫ ijk σ k 0 0 σ k , where the σ k are the Pauli matrices. Clearly Eq(45) represents the spin-orbit interaction.
Finally we have:
representing interactions between upper and lower components of the Dirac spinor. In a large mass expansion (the usual FW transformation) this term is removed by a unitary rotation at order 1/m 2 .
It is perhaps worth mentioning that ignoring this term completely (clearly valid for large masses only!) but not making the large mass expansion in (40, 43) and spin-averaging the resulting Hamiltonian, yields a modified potential model which we have studied and which yields wavefunctions very close to the full Dirac formalism. This approximation is not very well motivated however, as it seems to involve a rather inconsistent treatment in terms of a 1/m development.
In retrospect we realize that potential model descriptions based on H 1 and H 2 are somewhat inconsistent since, as we have just seen, they effectively take the limit m → ∞ in the potential part while keeping a finite mass in the kinetic part (as first shown in Ref [2] , the full relativistic kinetic energy is essential in reproducing the data). The reasonably good agreement between This seems to be the case in our situation in which, as can be seen from the reasonable success of models H 1 and H 2 , taking the m → ∞ limit in the potential part seems not to be a very bad thing to do (for example, at larger light quark masses than those studied here, the agreement between the wavefunctions generated from H 2 and H 3 is closer). However were we going to do the same in the kinetic part, we would get a non-relativistic model that does a very bad job at reproducing the wave functions [2] .
In any case, the most important lesson that we learn from the discussion above is that the differences that we saw in the previous section between the wave functions of model 2 and those of model 3 are, as we have just seen, the result of well known effects that arise when one combines quantum mechanics and relativity, which model 3 captures (to the extent that the Dirac equation
captures them), but are ignored in models 1 and 2. These effects are to our knowledge visible for the first time in the context of quantitatively measured (in quenched lattice QCD) strong interaction wavefunctions.
Conclusions
We have presented the results for the 1S and 1P wave functions and energy arising from the quantum-relativistic delocalization of the light quark due to Zitterbewegung. It is remarkable that the Monte Carlo simulations of
Ref [1] are now accurate enough to capture this phenomenon.
We expect to be able to extend the above results to much larger lattices.
We are currently generalizing this work to treat mesons with two finite mass quarks. If the fully relativistic model continues to be as quantitatively accurate as the results obtained here suggest it may turn out to be a very useful tool in the study of the spectrum and static properties of charmonium and charmed and B-mesons.
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